Minnesota State High School
Mathematics League
- Individual Event

2003-04 Event 5A

Questions in this event are written, with permission, as variations of problems from the 1995 AHSME.
Review of this exam is excellent preparation, not only for this event, but for the 1996 AHSME, which we
strongly encourage vou to take. -

The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is

worth 2 points. Place your answer to each question on the line provided. You have 12 minutes for this
event.

3 1. How many non-congruent triangles with perimeter 9 have sides whose lengths are

integers? 4\
& 22 3:3_ § Three
3,33
___© 2. A4x4x4 cube of cheese can be cutinto 64 1x1x1 cubes by making nine cuts, but

the same result (64 1x1x1 cubes) can be achieved using fewer cuts. What is the

¥

minimum number of cuts with which the desired result can be achieved?

—Mon 3. The grid in Figure 3 is torn from a calendar for January, 2004. The dates in the

___wes  marked squares sum to 80. What three days of the week are represented in the part
_Wed  ofthe calendar shown? (In case you forgot, New Year's Day was Thursday.)

| |7 4. Four people come to the north end of a rickety bridge that will support at most two
people at a time. It is dark, so two people who are crossing must use a flashlight,

g “.mm . @ and since only one light is available, it must be walked back to others waiting to

)-:I onn2= cross. Albert can run across in 1 minute, but his sister Barbara requires 2 minutes.
His mother, Cindy, requires 5 minutes, and his Grandpa Dotin requires 10 minutes.

E 0a00a Naturally, two people crossing together must go at the speed of the slow person.
:g <Y § What is the shortest amount of time in which the entire group can reach the south
. fend of the bridge? , T ,r—-\\’%
E‘D . 7 Use 3 cuts to cvate ) - t.‘ z\\
F1250¢9  foun 3xax2 cubes and [3 €38 )
2l arromge as md\CC&GJ——) 3 \
Two cuts (dotted lines) | - : ‘

}_’Q;T_g;"”" T il S'WQ sixteen ! e N
n

[x1x 2 blocks. S-h:«-_kj these blocks €+ (kre) + (B+9) +(’l:+l4)= S0
4t=352; t=13 1,815, .. _

, . One mone cut (the
{ike dorminces are Thunsdays; 13 is Tue.s‘daﬁ

Sixth) will Pinish the J'ob,
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The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is
worth 2 points. Place your answer to each question on the line provided. You have 12 minutes for this
event.

2r* 1. Asquareisinscribed in a circle of radiusr. Express the area of the square in terms

of r.

4 2. An equilateral triangle is inscribed in a circle of radiusr. Express the area of the

triangle in terms of 7.

9
£ 3. A square and a regular hexagon have the same perimeter. Let S be the area of the
circle circumscribing the square, and Hbe the area of the circle circumscribing the

hexagon. Find s
H

4 .
4 4. Let ABCD be a parallelogram with diagonals of AC=9, BD=6. Let the circle
through A, B, and D intersect AC at E, and let the diagonals of the parallelogram
: . . Area(ADHE)
meet at H. Find the ratio ————.
Area(AADH)
o N 2.
[ r
r £ v
v I
JL + '
r Lo P 35r -\ 4
A*—(?-@-;_):ar‘- A=3[z 3 z ]= e |
d NCEERY, qure
A SAVAS 7
- 4 Since AE and DB are mi‘ersechnj chords, (AH)HE) =(DH)(HB)
. “%. \ / : (on)s) _ (1 DB)(3 OB)
‘ Vo HE =220E =\ 2 .
Both A DHE and A ADH have altitude h
_ X 1_ X H =T ks 5 8
5"“’;_\-"5‘ , =T . Area (4DHE) _ %2 h(ne) _ Ja(DBY"_(DB)" &4
5 _ Ty x* | x* _9 Area. (AADHY Yy W (AR)  (AWYT Al 9 1
W "3
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The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is

worth 2 points. Place your answer to each question on the line provided. You have 12 minutes for this
event.

olT 1. In the binomial expansion
(a+b)* = d* +4a’b+6a’b* + 4ab’ + b*
the sum of the coefficients is 1+ 4+6+ 4+1=16. What is the sum of the coefficients
in the expansion of (a+5)’?
5§ o 0.0304 .

16Z 2 Inthe game of Yahtzee, five dice are rolled. A consecutive sequence (i.e. 12345 or
23456) is called a large straight. What is the probability of getting a large straight in
a single throw of the five dice? :

3

3. The set S consists of four points placed in the plane so that no three are collinear.
Through each pair of points, a line is drawn. When two of these lines intersect in a
point p& S, p is called a new point. At most, how many new points can be created?

4. In how many ways can you add six odd natural numbers (i.e. positive integers)

together to get 20? Numbers may be repeated, but changes in order are not to be
counted as new solutions. That is,

9+3+3+1+1+3 and 3+1+9+1+3+3

S+i+1 +1 41 +1 =20
are regarded to be the same solution.

B+3+L+1 4+l +1= 20

3 ©, H+S+itl+t+1 =220

T_ 59 AN\ B W
(+) =2 =512 @ q+T+LFLFLEL=20
. | S O) q+5+3 +1+i+l=20
2. TkmkorFoHumn? 12345 Q+3+3+3 +l+1=20
by rolling one die fve : = T+7+3 +1 +t1+1:=20
times. The first roll - c T+ +5+ L +1+1= 20

mﬂ-‘j:.cmc. upma«jop

T+5+3+3 41+ =20
S ways, the secomd 4

%, The trick Jo c.own'l-ing

Wways, ete. Ways +o get

s o have an orjangeol

1+3 +3+3+3+(=220
5+5+5+3+L+1 =20

there are S ways to get a i 5+3+3+3+343<20
23456, i s 4 woays o get 20
Pl’ob: 2. : T s
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The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is
worth 2 points. Place your answer to each question on the line provided. You have 20 minutes for this
event.

601l 1. What will be the result if the sum of the first 2003 odd counting numbers (that is the
first 2003 odd posmve integers) is subtracted from the sum of the first 2004 even
counting numbers?

5.5 mph ‘
2. Mary runs each morning following a park trail that takes her in 9 minutes time to a

little pond 3/4 of a mile from her home. There she meets Jenny, and they take 16

minutes as they run together the 1.8 mile trail around the pond. A bit tired by then,

‘Mary takes 11 minutes for the run back home. What is Mary's average rate in miles

per hour for the entire trip?

‘ Fi_gure 3 shows a square inscribed in a circle of radius 2. One edge of the square is
the diameter of a semicircle sitting on top of the square. The shaded area inside the
semi-circle, outside of the larger circle is called a lune. Determine the area of the

lune.

——-—4-—————-4° For what choice of k>0 will f(x) =J6x ~ kx* have the same domain and range?
2. distance =.15+1.8+.,15 =3.3 | ¥ m% (i) a(i'/'C)‘/'a (‘7)— (Gf]) g

time = A+l6+ 1 36 _ 3 AB= Z\)— a(i'f'c}— "[21)7.] 7 (gt e
6o 0 S '
rate = 33710 1 33 _ 11 a(y‘/ (ZJ_)
375 6 & : (Gf-a”')'--—‘lT(Z)
4, Let 9() =bx- —kxt=—k(x*- & xfz,_) %a(;) = Wt+2-T =2
The graph of Y= 9x) 15 the parabola y-— _E = —k(x--—) ("”P of f“Je)
fonn —«Sj(x) has demanm [o, 64‘] and ramqe [O,J_ ] —
I‘F‘/k"sf"’ then k=4 By
) k o i - § \3ure 3
L2a[l £ & & ... + 2000+2003+2004 = 2 +4 +...+ 4004 + 4006 + 4008
(am—‘]*'[au)‘a*---“'{.?-(1001)'l]+f_2(1003)-|]= | + 3+---+ 4003 + 4005
Jrl+..-+ 1 4+ 1 +40038=460I}

——
2003 ones
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Each question is worth 4 points. Team members may cooperate in any way; but at the end of twenty
" minutes, one set of answers is to be submitted. Put answers on the lines provided.

5 1. The set S consists of five points placed in the plane, no three being collinear. A line
is drawn through each pair of points. When two of these lines intersect in a point
- pé S, then p s called a new point. Atmost, how many new points can be created?
) . 2. Partition the numbers in the set {1,2,3,. . ., 123456} into two sets as follows. In
(Ele1127 ™ oo E, place all the integers whose digits add to an even number (so, for example,
01724 4729 goes in E); and in O place all the integers whose digits add to an odd number
(o) (so 36967 goes in O). How many numbers get placed in E? in O?
3. Twelve railroad cars, four of them boxcars, four flatcars, and four tankcars, are to be
_ 346 coupled together. In how many ways can this be done if there are to be no boxcars
in the first four cars of the train, no flatcars in the middle four cars of the train, and
no tankcars in the last four cars? ‘
4. LetA, B, C, and D be four points on a line (Figure 4) such that AB=CD. Semi-
circles are drawn above the line with diameters AB=CD=2r and AD=2R, and
R-r another semi-circle with diameter BC is drawn below the line. The shaded area
bounded by these four semi-circles is called a salinon. Its area is equal to the area of
acircle of radius x. Expressx in terms of Rand r. '
5. Let the line L through A(-10) and B(0,?) intersect the unit circle at P(x,y). Expressx
and y in terms of t. A=t _ 2t
. 5 R e 4% Trex
72, 6. The long leg of a 5-12-13 right AABC is used as the diameter of a semi-circle that
cuts the hypotenuse at D (Figure 6). A line tangent to the circle at D cuts AC at E.
~ What is the length of CE? _ B
6. LACD =LABC = | \
(sides aqre 1.)
EC=ED so ACDE is 1505,
S, LCOE =« bed
o ibed in
LCDB =940 (rsscermbclrcie
Let 8=£BCD=LEDA=£CAD| A
(all complements of of)
. A ADE s 1sosceles, so B <& B@
ED = EA. Thus EC= EA - /E
= 5/ c
CE = 2% Figure &

A

=4
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+en successwe integers that 3. Let the first foun cars include k

2. Consider any les ;
begin writh o multiple of fen. Examples:  flopcars, o=k S54, and 4-k fank cats,
Cven Odd{ Even Odd{ Even 0dd Swce’ thare are no tank cars in the
> 1 'T 30 {10 QU last sechon, there must be k tonk

2 3 3 a4 iz ni% cars i the middle sechion, together

. 3 35 3(; 7 177::‘!1 with 4 —k boxcars. Finally, the las+-

3 1 g; 3 g 1l sechion must contain k boxcans, a-k
Thus, E and @ will have the same .Pla'l-c_a.rs, Thus, the +rains make up is
humber of ‘integens after placing of sk completel detenmined once
0y -~-, 123442 Then we place @ poe wehave placed k fltaars

Even  Odd in the first sectiom  k tank
123451 ‘\3‘_33:2_ @ BRE/CD cars in the middle section,
and k boxcars in the last sechon,

\2 3453 123454
(13455 123456

¢ O has one more

eniry than E; buck AE /cDd
exclude the first o,

_ E}/DE‘ For o. chowe of k, 05k543
there are (t) placements

in each section, Thus, 'por- each

k, there are (1‘)3 arranjemeni:sj'

The +4otal numben 15 +here fore

(A7 (Y () +(3) +(5) = 346

| AC/DE
4, JZWRZ | g -Qr\
~2 (—'i’TTr’-)
+ 3 (vlR=2rT) Fiqure 5
—uf[ER-r? < 8
+% (R 4rR+ 4r%)] | AX]:; |
=7 [R=2rR+r] | 5. Let = ZOAB ; 3:4?0@.?3,‘
:’!T(_R—Ar-]l hnec:go%:—%-: li‘
%= R=¥ X = cosB = cos 2% = 2cos ~ |

> ! S Sl R -
4> (4eY T 4 =

Y= SINB = siIn2xXk = £ sintxcosCx
_ < 1 2t
= 2 =
Vit i+ I+&-

AB/CD
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